A representative set of fault detection and isolation problems is formulated for linear time-invariant systems with additive faults. For all formulated problems, general existence conditions of their solutions are given. An overview of recent developments of computational methods for the synthesis of fault detection filters is presented and available software tools are described.
Introduction
The theoretical developments of the model-based fault detection and diagnosis for linear time-invariant systems are essentially completed and widely documented in several monographs and textbooks [Gertler, 1998; Chen and Patton, 1999; Isermann, 2006; Ding, 2013; Blanke et al, 2016; Varga, 2017b] . Also the development of numerically reliable computational procedures for the synthesis of fault detection filters has been mostly finalized in the last decade. The author's book [Varga, 2017b] is mainly dedicated to the presentation of the evolved new generation of computational synthesis procedures. These procedures are well suited as basis of implementation of versatile software tools, which allow the solution of synthesis problems in the most general setting using the best available numerical methods. This article presents an overview of the recent developments both in the computational synthesis procedures and associated software tools. We start by formulating a canonical set of exact and approximate synthesis problems of fault detection filters and give general solvability conditions, which guarantee the existence of the solutions in the most general setting, for both continuous-and discrete-time systems. For each of the formulated problems, general synthesis procedures have been developed in [Varga, 2017b] , which guarantee the determination of a solution to a specific problem whenever a solution exists. The development of these procedures relies on several computational paradigms, which are discussed in details. They underly efficient and numerically reliable computational methods, which served for the implementation of software tools for the analysis of fault detection problems and synthesis of fault detection filters.
Plant models with additive faults
The underlying plant models to the discussed synthesis methods (also called synthesis models) are linear time-invariant (LTI) system models, where the faults are equated with special (unknown) disturbance inputs. An important class of models with additive faults arises when defining the fault signals for two main categories of faults, namely, actuator and sensor faults. Two basic forms of synthesis models are used.
The input-output plant model with additive faults has the form
where y(λ), u(λ), d(λ), f(λ), and w(λ), with boldface notation, are the Laplace-transformed (in the continuous-time case) or Z-transformed (in the discrete-time case) p-dimensional system output vector y(t), m u -dimensional control input vector u(t), m d -dimensional disturbance vector d(t), m fdimensional fault vector f (t) and m w -dimensional noise vector w(t), respectively, and where G u (λ), G d (λ), G f (λ) and G w (λ) are the transfer-function matrices (TFMs) from the respective inputs to outputs. For simplicity, we will assume that all these TFMs are proper (i.e., finite for λ = ∞). Input-output models with additive faults of the form (1) are useful in formulating various fault detection problems, in deriving general solvability conditions and in describing conceptual synthesis procedures. However, these models are generally not suited for numerical computations, due to the potentially high sensitivity of polynomial-based model representations.
For computational purposes, instead of the input-output model (1) with the compound TFM
, an equivalent statespace model is used having the form
with the n-dimensional state vector x(t), where λx(t) :=ẋ(t) or λx(t) := x(t + 1) depending on the type of the system, continuous-or discrete-time, respectively. The matrix E is generally invertible and frequently is taken E = I n . Plant models of the form (2) often arise from the linearization of nonlinear dynamic plant models in specific operation points and for fixed values of plant parameters. The noise inputs frequently account for the effects of uncertainties (e.g., inherent variabilities in operating points and parameters). Notation: To indicate the input-output equivalence of the models in (1) and (2), we use the notation
Residual Generation
A nonzero fault signal, f = 0, in (1) signifies a deviation from the normal behaviour of the plant due to an unexpected event (e.g., physical component failure or supply breakdown). Generally, the occurrence of a fault must be detected as early as possible to prevent further degradation of the plant behaviour. The fault diagnosis techniques are used to perform the detection of occurrence of faults (fault detection), the localization of detected faults (fault isolation), the reconstruction of the fault signal (fault estimation) and the classification of the detected faults and determination of their characteristics (fault identification). In a specific practical application, the term fault detection and diagnosis (FDD) may include, besides fault detection, also further aspects such as fault isolation, fault estimation, or fault identification. In this article we restrain the FDD problematic only to the fault detection and isolation (FDI) aspects.
A FDD system is a device (usually based on a collection of real-time processing algorithms) suitably set-up to fulfill the above tasks. The minimal functionality of any FDD system is illustrated in Fig. 1 . The main component of any FDD system is the residual generator (or fault detection filter, or simply fault detector), which produces residual signals grouped in a q-dimensional vector r by processing the available measurements y and the known values of control inputs u. The role of the residual signals is to indicate the presence or absence of faults, and therefore the residual r must be equal (or close) to zero in the absence of faults and significantly different from zero after a fault occurs. For decision-making, suitable measures of the residual magnitudes are generated in a scalar or vector θ (e.g., θ = r ) , which is then used to produce the corresponding decision variable or vector ι (e.g., ι = 1 if θ > τ for a detected fault and ι = 0 if θ ≤ τ for the lack of faults, where τ is a given detection threshold). If r(t) is a structured vector with, say n b components r (i) (t), i = 1, . . . , n b , then θ and ι are n b -dimensional vectors, with θ i representing a measure of the magnitude of the i-th residual component (e.g., θ i = r (i) ) and the binary signature ι i = 1 or ι i = 0 corresponding to a fired (i.e, θ i > τ) or non-fired (i.e., θ i ≤ τ) component r (i) (t), respectively.
A linear residual generator employed in the FDD system in Fig. 1 has the input-output form
where Q(λ) is the TFM of the filter. For a physically realizable filter, Q(λ) must be stable (i.e., proper and only with poles having negative real parts for a continuous-time system or magnitudes less than one for a discrete-time system). The (dynamic) order of Q(λ) (also known as McMillan degree) is the dimension of the state vector of a minimal state-space realization of Q(λ). The dimension q of the residual vector r(t) depends on the fault detection problem to be solved. The form (3) of the fault detection filter is called the implementation form and is the basis of the real-time implementation of the fault detection filter. The residual signal r(t) in (3) generally depends via the system outputs y(t) of all system inputs u(t), d(t), f (t) and w(t). The internal form of the filter is obtained by replacing in (3) y(λ) by its expression in (1), and is given by
where
For a successfully designed filter Q(λ), all TFMs in the corresponding internal form (4) are stable, and additionally achieve specific fault detection requirements.
The basic functionality of a well-designed fault detection filter is to ensure the lack of false alarms, in the case when no faults occurred, and the lack of missed detection of faults, in the case of occurrence of a fault. The first requirement is fulfilled provided the residual signal r(t) is zero, if there are no faults (i.e., f (t) = 0) and no noise (i.e., w(t) = 0), and in the presence of arbitrary control and disturbance inputs. If noise is present, then, in the case of absence of faults, the signal norm r must be sufficiently small for all possible control, disturbance and noise inputs (i.e., θ ≤ τ a for a sufficiently small alarm threshold τ a ). The requirement on the lack of missed detections is fulfilled provided r is sufficiently large for any fault of sufficiently large amplitude for all possible control, disturbance and noise inputs (i.e., θ > τ d for a certain detection threshold τ d ≥ τ a ).
The requirement on the lack of false alarms can be transcribed in concrete requirements on the TFMs in the internal form. It is always possible to completely decouple the control input u(t) from the residual r(t) (i.e., to achieve R u (λ) = 0), and we impose a similar condition on the disturbance input d(t) by requiring R d (λ) = 0. To minimize the effect of the noise input w(t) on the residual, we always aim to simultaneously minimize the norm of R w (λ). The distinction between the unknown inputs d(t) and w(t) lies solely in the way these signals are treated when solving the residual generator synthesis problem. For example, if the decoupling of all components of d(t) is not possible, then some components of d(t) can be redefined as additional noise inputs. The requirement on the lack of missed fault detection leads to additional requirements imposed on R f (λ) (see next section).
Fault Detection Problems
In the literature dedicated to the solution of fault detection problems we can observe a diversity of formulations of the basic fault detection problems. The differences in problem formulations are partly due to the employed particular system theoretical frameworks and partly because of focusing on particular classes of solution methods. Therefore, it is important to formulate a (canonical) set of basic fault detection problems which cover most practical applications. In this endeavour, (at least) two aspects have to be considered.
A first aspect is related to addressing the effects of uncertainties when solving fault detection problems. In this context, two categories of problems may arise.
The exact synthesis problems have as goal the determination of fault detection filters which fulfill strict (algebraic) existence conditions. In these problems the effects of the (ubiquitous) noise is fully neglected and the effects of (unknown) disturbances are exactly decoupled. The (more practice relevant) approximate synthesis problems solve essentially the same type of problems, with the additional goal of attenuating, as much as possible, the effects of the inherent noise. A meaningful requirement in formulating fault detection problems is to ensure that the formulations of approximate problems include the formulations of exact problems if the effect of noise can be neglected. The expected consequence is that methods to solve approximate problems can be employed to solve exact problems too, while the solutions of exact problems can be also considered as candidate solutions of the approximate problems.
Another important aspect is to formulate the fault detection problems independently of any particular solution method intended to be used to solve these problems. It is often the case that the applicability of a specific solution method involves additional (technical) conditions, which however are not necessary conditions for the solvability of the fault detection problem. Therefore, to avoid such additional constraints, it is important to have problem formulations for which rigourous (ideally, necessary and sufficient) existence conditions of the solution exist, which guarantee solvability in the most general setting.
In all fault detection problems formulated in what follows, we require that by a suitable choice of a stable fault detection filter Q(λ), we achieve that the residual signal r(t) is fully decoupled from the control input u(t) and disturbance input d(t). Thus, the following decoupling conditions must be generally fulfilled:
For each fault detection problem specific requirements have to be fulfilled, which are formulated as additional conditions in what follows. For the formulated problems we also give the existence conditions of the solutions of these problems in terms of some rank conditions.
Exact fault detection problem -EFDP
The basic additional requirement is simply to achieve by a suitable choice of a fault detection filter Q(λ) that in the absence of noise input (i.e.,
. This requirement can be expressed as the following detection condition to be fulfilled for all faults:
The solvability conditions of the EFDP are simple rank conditions involving only the TFMs from the disturbances and faults: Theorem 1. For the system (1) with w(t) ≡ 0 the EFDP is solvable if and only if
Here, rank G(λ) denotes the normal rank of the rational TFM G(λ), representing the maximal rank of the complex matrix G(λ) over all values of λ ∈ C such that G(λ) has finite norm.
The conditions (8) define the complete fault detectability property of the system (1). These conditions are generically fulfilled if p > m d , that is, when there are more measurements than disturbance inputs. The importance of solving EFDPs for fault diagnosis primarily lies in the fact that the solution of the (more involved) fault isolation problems can be addressed by successively solving several appropriately formulated EFDPs.
Approximate fault detection problem -AFDP
The effects of the noise input w(t) can usually not be fully decoupled from the residual r(t). In this case, the basic requirements for the choice of Q(λ) can be expressed to achieve that the residual r(t) is influenced by all fault components f j (t) and the influence of the noise signal w(t) is negligible. Thus, the following two additional conditions have to be fulfilled:
Here, (iii) is the detection condition of all faults employed also in the EFDP, while (iv) is the attenuation condition for the noise input. The condition R w (λ) ≈ 0 expresses the requirement that the transfer gain R w (λ) (measured by any suitable norm) can be made arbitrarily small. The solvability conditions of the formulated AFDP are simply those of the EFDP: Theorem 2. For the system (1) the AFDP is solvable if and only if the EFDP is solvable.
On the basis of this result, any properly scaled solution of the EFDP can potentially serve as a solution of the AFDP as well. At signal level, a bounded noise input w(t) such that w ≤ δ w , can have a maximum contribution R w (λ) δ w in the residual r(t), which automatically determines the minimum size δ f ,min of detectable faults. For example, δ f ,min can be com-
is the fault-to-noise gap. The resulting value of δ f ,min can be used to assess the "practical" usefulness of any solution, and the maximization of the gap η is always a meaningful goal for the synthesis of fault detection filters.
Exact fault detection and isolation problem -EFDIP
For the isolation of faults, we employ residual generator filters formed by stacking a bank of n b filters of the form
where the i-th filter Q (i) (λ) generates the corresponding i-th residual component r (i) (t) (scalar or vector). This leads to the following structured residual vector r(t) and block-structured filter Q(λ)
The resulting R f (λ) is an n b × m f block-structured TFM of the form
where the (i, j)-th block of R f (λ) is defined as
and describes how the j-th fault f j influences the i-th residual component r (i) (t).
We associate to the block structured R f (λ) in (13) the n b × m f binary structure matrix S R f , whose (i, j)th element is defined as
If S R f (i, j) = 1 then we say that the residual component r (i) is sensitive to the j-th fault f j , while if S R f (i, j) = 0 then the j-th fault f j is decoupled from r (i) . The m f columns of S R f are called fault signatures. Since each nonzero column of S R f is associated with the corresponding fault input, fault isolation can be performed by comparing the resulting binary decision vector ι in Fig. 1 (i. e., the signatures of fired or not-fired residual components) with the fault signatures coded in the columns of S R f .
In the absence of noise input (i.e., w(t) ≡ 0), the EFDIP requires to determine for a given n b × m f structure matrix S, a stable filter Q(λ) of the form (12) such that for the corresponding block structured R f (λ) in (13), the following condition is additionally fulfilled:
The solution of the EFDIP can be addressed by solving n b EFDPs, as follows. For the i-th row of S, determine the corresponding i-th filter Q (i) (λ) in (11) such that, additionally to the control and disturbance inputs, all fault components j for which S i j = 0 are decoupled (i.e., R (i) f j (λ) = 0) and for all fault components j for which S i j = 1 we have R (i) f j (λ) = 0. This comes down to determine Q (i) (λ) by solving an EFDP for a system with suitably redefined disturbance and fault inputs. Let G (i) d (λ) be the TFM formed from the columns of G f (λ) for which S i j = 0. We have the following solvability conditions for the EFDIP, which simply express the solvability of the n b EFDPs formulated for the n b rows of of S:
Theorem 3. For the system (1) with w(t) ≡ 0 and a given n b × m f structure matrix S, the EFDIP is solvable if and only if for i = 1, . . . , n b
(15) for all j such that S i j = 0.
The conditions (15) define the S fault isolability property of the system (1). If S has at most k zero entries in each row, then these conditions are generically fulfilled if p > m d + k, that is, when the number of measurements exceed the number of disturbance inputs with at least k. An important case is when S = I m f (i.e., diagonal), in which case k = m f − 1. If the conditions (15) are fulfilled, then the system (1) is called strongly isolable. For a strongly isolable system we have the following solvability conditions: Theorem 4. For the system (1) with w ≡ 0 and S = I m f , the EFDIP is solvable if and only if
Generically, the condition (16) is fulfilled if p ≥ m f + m d , which implies that the system must have at least as many measurements as the total number of disturbance and fault inputs. The importance of strong isolability is that it allows to isolate the occurrence of an arbitrary number (up to m f ) simultaneous faults.
Approximate fault detection and isolation problem -AFDIP
Let S be a desired n b × m f structure matrix targeted to be achieved by using a structured fault detection filter Q(λ) with n b row blocks as in (12). The n b × m f block-structured TFM R f (λ), corresponding to Q(λ), is defined in (13). R f (λ) can be additively decomposed as R f (λ) = R f (λ) + R f (λ), where R f (λ) and R f (λ) have the same block structure as R f (λ) and have their (i, j)-th blocks defined as
To address the approximate fault detection and isolation problem, we will target to enforce for the part R f (λ) of R f (λ) the desired structure matrix S, while the part R f (λ) must be (ideally) negligible. The soft approximate fault detection and isolation problem (soft AFDIP) can be formulated as follows. For a given n b × m f structure matrix S, determine a stable and proper filter Q(λ) in the form (12) such that the following conditions are additionally fulfilled:
The following (somewhat surprising) result states that the solvability condition of the AFDIP is precisely the solvability of the EFDP. Theorem 5. For the system (1) and a given structure matrix S without zero columns, the soft AFDIP is solvable if and only if the EFDP is solvable.
The solvability of the EFDIP is clearly a sufficient condition for the solvability of the soft AFDIP, but is not, in general, also a necessary condition, unless we impose in the formulation of the AFDIP the stronger condition R f (λ) = 0 (instead R f (λ) ≈ 0). This is equivalent to require S R f = S. Therefore, we can alternatively formulate the strict AFDIP to fulfill the conditions:
In this case we have the (expected) result: Theorem 6. For the system (1) and a given structure matrix S, the strict AFDIP is solvable with S R f = S if and only if the EFDIP is solvable.
Exact model-matching problem -EMMP
Let M r (λ) be a given q×m f TFM of a stable reference model specifying the desired input-output behaviour from the faults to residuals as
Thus, we want to achieve by a suitable choice of a stable Q(λ) satisfying (i) and (ii) in (6), that we have additionally R f (λ) = M r (λ). For example, a typical choice for M r (λ) is an m f × m f diagonal and invertible TFM, which ensures that each residual r i (t) is influenced only by the fault f i (t). This would allow the isolation of arbitrary combinations of up to m f simultaneous faults. The choice M r (λ) = I m f targets the solution of an exact fault estimation problem (EFEP).
To determine Q(λ), we have to solve the linear rational equation (5), with the settings R u (λ) = 0, R d (λ) = 0, and R f (λ) = M r (λ) (R w (λ) and G w (λ) are assumed empty matrices). The choice of M r (λ) may lead to a solution Q(λ) which is not proper or is unstable or has both these undesirable properties. Therefore, besides determining Q(λ), we also consider the determination of a suitable updating factor M(λ) of M r (λ) to ensure the stability of the solution Q(λ) for R f (λ) = M(λ)M r (λ). Obviously, M(λ) must be chosen a stable and invertible TFM. Additionally, by choosing M(λ) diagonal, the zero and nonzero entries of M r (λ) can be also preserved in R f (λ) (i.e., to cope with the formulation of the EFDIP).
To address the above aspect, the EMMP can be formulated to also include the selection of a diagonal, stable and invertible TFM M(λ) such that the following condition is additionally fulfilled:
The conditions (6) and (19) represent a linear system of rational equations of the form
Therefore, the solvability condition of the EMMP follows from the standard solvability condition of systems of linear equations: Theorem 7. For the system (1) with w ≡ 0 and a given M r (λ), the EMMP is solvable if and only if the following condition is fulfilled
When M r (λ) has full column rank m f , the solvability condition (22) of the EMMP reduces to the strong isolability condition (16) of Theorem 4.
The solvability conditions become more involved if we strive for a stable solution Q(λ) for a given reference model M r (λ) without allowing its updating. For example, this is the case when solving the EFEP for M r (λ) = I m f , in which case, we have the following result. Theorem 8. For the system (1) with w ≡ 0, the EFEP is solvable if and only if the system is strongly fault isolable and G f (λ) is minimum phase.
Approximate model-matching problem -AMMP
Similarly to the formulation of the EMMP, we include the determination of an updating factor of the reference model in the formulation of the AMMP. Specifically, for a given stable TFM M r (λ), it is required to determine a stable filter Q(λ) and a stable and invertible diagonal M(λ) such that the following conditions are additionally fulfilled:
Necessary and sufficient conditions for the solution of the AMMP are not known. However, a straightforward sufficient condition for the solvability of the AMMP is simply the solvability of the EMMP. Moreover, any solution of an exact problem (e.g., EFDP, EFDIP or EMMP) generates a meaningful reference model M r (λ) := R f (λ), which can serve to improve the noise attenuation performance by solving an an appropriately formulated AMMP.
Synthesis of Fault Detection and Isolation Filters
The recently developed computational procedures for the synthesis of fault detection filters [Varga, 2017b] share several computational paradigms, which are instrumental in developing generally applicable, numerically reliable and computationally efficient synthesis methods. In what follows we shortly review these paradigms and discuss their roles in the synthesis procedures.
Nullspace-based synthesis
An important synthesis paradigm is the use of the nullspace method as a first synthesis step to ensure the fulfillment of the decoupling conditions R u (λ) = 0 and R d (λ) = 0 in (6). This can be done by choosing Q(λ) of the form
where the factor Q 1 (λ) is a left annihilator of
For any Q(λ) of the form (24), we have
Assume r d < p is the normal rank of G d (λ). Using standard linear algebra results, there exists a maximal full row rank left annihilator N l (λ) of size (p − r d ) × (p + m u ) such that N l (λ)G(λ) = 0. Any such an N l (λ) represents a basis of the left nullspace of the rational matrix G(λ). With the choice Q 1 (λ) = N l (λ), the expression (24) provides a parametrization of solutions of all fault detection problems formulated in the previous section. For example, N l (λ) can be chosen in the product form
where N l,d (λ) is a left nullspace basis of G d (λ) satisfying N l,d (λ)G d (λ) = 0. For the synthesis of fault detection filters an important aspect is to use proper left nullspace bases of least dynamical orders. Such a basis N l (λ) has no finite or infinite zeros (i.e., rank N l (λ) = p − r d for all λ ∈ C) and can be chosen having arbitrary poles (e.g., stable). The form (24) of the filter allows to reformulate all synthesis problems as simpler problems (without control and disturbance inputs), which allow to easily check the solvability conditions. With (24), the fault detection filter in (3) can be rewritten in the alternative form
with
With this first preprocessing step, we reduced the original problems formulated for the system (1) to simpler ones, which can be formulated for the reduced system (27) (without control and disturbance inputs), for which we have to determine the TFM Q 1 (λ) of the simpler fault detection filter (26). At this stage we can assume that both Q 1 (λ) and the TFMs of the reduced system (27) are proper and even stable. This can be always achieved by replacing any basis N l (λ), with a stable basis Q 1 (λ) = M(λ)N l (λ), where M(λ) is an invertible, stable TFM (e.g., of least McMillan degree), such that M(λ)[ N l (λ) G f (λ) G w (λ) ] is stable. Such an M(λ) can be determined as the (minimum-degree) denominator of a stable left coprime factorization of
All synthesis problems can be equivalently reformulated to determine a filter Q 1 (λ) for the reduced system (27). As an example, we give the simpler conditions for the solvability of the EFDP (and also of the AFDP and soft AFDIP).
Corollary 1. For the system (1) with w ≡ 0, let Q 1 (λ) be a rational basis of the left nullspace of G(λ) in (25), and let (27) be the corresponding reduced system with w ≡ 0. Then, the EFDP is solvable if and only if G f j (λ) = 0, j = 1, . . . m f .
Similar simpler conditions can be derived for the solvability of the EFDIP and strict AFDIP.
Particularly simple becomes the solvability condition of the EFDIP with strong isolability requirement (and also of the EMMP with invertible M r (λ)) as the left invertibility of G f (λ). 
Filter updating techniques
In many synthesis procedures the TFM of the resulting filter Q(λ) can be expressed in a factored form as
where Q 1 (λ) is a left nullspace basis of G(λ) in (25) satisfying Q 1 (λ)G(λ) = 0, and Q 1 (λ), Q 2 (λ)Q 1 (λ), . . ., can be interpreted as partial syntheses addressing specific requirements. Since each partial synthesis may represent a valid fault detection filter, this approach has a high flexibility in using or combining different synthesis techniques. The determination of Q(λ) in the factored form (30) can be formulated as a K-step synthesis procedure based on successive updating of an initial filter Q = Q 1 (λ) and the nonzero terms of its corresponding internal form
as follows: for k = 2, . . . , K, do
Step k: Determine Q k (λ) using the current Q(λ) and R(λ) and then perform the updating as
. The updating operations are efficiently performed using state-space description based formulas. The state-space realizations of the TFMs Q(λ) and R(λ) in the implementation and internal forms can be jointly expressed in the generalized state-space (or descriptor system) representation
The state-space realizations of Q(λ) and R(λ) share the matrices A Q , E Q and C Q . The preservation of these forms at each updating step is the basis of the filter updating based synthesis paradigm. To allow operations with non-proper TFMs (i.e., with singular E Q ), the use of the descriptor system representation is instrumental for developing numerically reliable computational algorithms. The main benefit of using explicit state-space based updating formulas is the possibility to ensure at each step the cancellation of a maximum number of poles and zeros between the factors. This allows to keep the final order of the filter Q(λ) as low as possible. In this way, the updating-based synthesis approach naturally leads to so-called integrated computational algorithms, with strongly coupled successive computational steps. Since the form of the realizations of Q(λ) and R(λ) in (31) are preserved, the stability is simultaneously achieved for both Q(λ) and R(λ) at the final synthesis step. At the last step, the standard state-space realization of Q(λ) is usually recovered, to facilitate its real-time implementation.
Least order synthesis
The least order synthesis of FDI filters means to determine filters Q(λ) with the least possible dynami-cal orders. This is a valuable synthesis goal which helps to reduce the computational burden related to the real-time implementation of the filters. The main tool to achieve least order synthesis is the solution of suitable minimal cover problems. If X 1 (λ) and X 2 (λ) are rational matrices of the same column dimension, then the left minimal cover problem is to find X(λ) and Y (λ) such that
and the McMillan degree of [ X(λ) Y (λ) ] is minimal. Two cases are relevant to solve synthesis problems of fault detection filters.
A typical second step in many synthesis procedures is to choose Q 2 (λ) such that the product Q 2 (λ)Q(λ) has least dynamical order and, simultaneously, a certain admissibility condition is fulfilled (usually involving the nonzero TFMs R f (λ) and R w (λ). Typically after the first step, Q(λ) := Q 1 (λ), R f (λ) := G f (λ) and R w (λ) := G w (λ), and Q 1 (λ) is a left nullspace basis of G(λ) in (25). The admissible choices of Q 2 (λ) depend on the subsequent steps of the employed particular synthesis procedure and express conditions related to fault detectability or some full rank conditions. For example, for the solution of the EFDP, the admissibility conditions are
which guarantee the detectability of all fault components. For the solution of the AFDP, additionally to (33), the full row rank condition on Q 2 (λ)R w (λ) has to be fulfilled as well. For the solution of the EMMP by using an inversion based approach, the admissibility condition is the invertibility of Q 2 (λ)R f (λ), while for the solution of the AMMP the admissibility condition is the full row rank of
With the exception of (33), the admissibility conditions are not necessary, and are used only for convenience, to simplify the subsequent computational steps. The determination of candidate solutions Q 2 (λ) such that Q 2 (λ)Q(λ) has least order can be done by solving left minimal cover problems of the form (32), where X 1 (λ) and X 2 (λ) represent disjoint subsets of basis vectors, such that:
, and X(λ) = Q 2 (λ)Q(λ) and Y (λ) represent the solution of the left cover problem. A systematic search over increasing orders of candidate solutions can be performed and the search stops when the admissibility conditions are fulfilled. The cover technique also allows to determine least order solutions of the EMMP, where Q(λ) satisfies the rational linear equation (20) . The general solution of (20) can be expressed as
where X 1 (λ) is a particular solution of (20) and X 2 (λ) is a left nullspace basis of G e (λ) in (21). Therefore, a least order solution Q(λ) can be computed by solving a left cover problem.
State-space representation based computational methods for the solution of minimum dynamic cover problems are described in [Varga, 2017b, Sections 7.5 and 10.4] , together with explicit updating formulas of the state-space realizations of Q(λ) and R(λ).
Coprime factorization techniques
A desired dynamics of the resulting final filter Q(λ) can be enforced by choosing a suitable invertible factor M(λ), such that M(λ)[ Q(λ) R(λ) ] has desired poles. This can be achieved by computing a left coprime factorization
with M(λ) and [ N Q (λ) N R (λ) ] coprime and having arbitrary stable poles, and then performing the updating operation
The stabilization via a left coprime factorization is usually performed as the last step of the synthesis procedures. If the preservation of the zero-nonzero pattern of R f (λ) is necessary (e.g., when solving fault isolation or model-matching problems), then M(λ) can be chosen block diagonal.
To illustrate the updating technique, we consider a realization of the denominator factor M(λ) of the form
where K (the so-called output injection gain matrix) is determined by eigenvalue assignment techniques to ensure stability (i.e., to assign the poles of M(λ) to lie in a suitable stable region). Then, the numerator factors are obtained in forms compatible with Q(λ) and R(λ) in (31) as
Instead of using an explicitly computed output injection matrix K, it is possible to employ alternative coprime factorization methods, based on recursive pole dislocation techniques [Varga, 2017a] , which produce directly the numerator factors N Q (λ) and N R (λ), and thus implicitly perform the updating operations as well.
Outer-co-inner factorization
For the solution of the approximate synthesis problems (i.e., AFDP, AFDIP or AMMP), the co-outerco-inner factorization plays an important role. We only consider the particular case, of a stable and full row rank rational matrix G(λ), without zeros on the boundary of the stability region, which can be factored as
where [ G o (λ) 0 ] is the co-outer factor with G o (λ) invertible, stable and having only stable zeros (i.e, minimum-phase), and G i (λ) is inner (i.e., stable and G i (λ)G ∼ i (λ) = I; recall that G ∼ i (λ) is G T i (s) for a continuous-time system and G T i (1/z) for a discretetime system). If we partition G i (λ) compatibly with
is the outer-co-inner factorization of G(λ) and (34) is the extended co-outer-inner factorization of G(λ).
The role of this factorization is twofold. The postmultiplication of G(λ) with G ∼ i (λ) achieves the column compression of G(λ) to a full column rank matrix G o (λ), which is invertible (being also full row rank). Moreover, all resulting zeros of G o (λ) are stable, and therefore its inverse G −1 o (λ) is stable as well. In solving approximate synthesis problems, G(λ) is either R w (λ) or [ R f (λ) R w (λ) ] and the corresponding factor, say Q 4 (λ), is chosen Q 4 (λ) = G −1 o (λ). If the factorizations algorithms proposed in [Oarȃ and Varga, 2000] in the continuous-time case and in [Oarȃ, 2005] for the discrete-time case, are employed, then the resulting outer factor has a realization of the form In the case when G(λ) has zeros on the boundary of the stability domain, a factorization as in (34) can still be computed, with G o (λ) containing, besides the stable zeros, also all zeros on the boundary of the stability domain. In this case, the inverse G −1 o (λ) is unstable, or improper or both of them. Such a case is called non-standard and, when it is encountered, requires a special treatment. We should emphasize that non-standard cases occur only in conjunction with employing a particular solution method and are generally not related to the solvability of the fault detection problems.
Synthesis Procedures
We present in this section three synthesis procedures of fault detection filters, to illustrate the application of the computational paradigms discussed in the previous section. A complete set of synthesis procedures for all formulated synthesis problems is presented in [Varga, 2017b] .
As a first example, we give the complete synthesis procedure to solve the AFDP. This procedure can also be applied to solve the EFDP (if no noise inputs are present), and serves as a computational kernel for solving the AFDIP (and also of EFDIP) by computing repeatedly the solutions of appropriately formulated AFDPs.
